Eur. Phys. J. C 25, 157-164 (2002)
Digital Object Identifier (DOI) 10.1007/s10052-002-0981-3

THE EUROPEAN
PHYSICAL JOURNAL C

Cosmological evolution in compactified Hofava—Witten theory

induced by matter on the branes

U. Ellwanger

Laboratoire de Physique Théorique®, Université de Paris XI, Batiment 210, 91405 Orsay Cedex, France

Received: 8 April 2002 /

Published online: 26 July 2002 — (© Springer-Verlag / Societa Italiana di Fisica 2002

Abstract. The combined Einstein equations and scalar equation of motion in the Horava—Witten scenario
of the strongly coupled heterotic string compactified on a Calabi—Yau manifold are solved in the presence
of additional matter densities on the branes. We take into account the universal Calabi-Yau modulus ¢
with potentials in the 5-d bulk and on the 3-branes, and allow for an arbitrary coupling of the additional
matter to ¢ and an arbitrary equation of state. No ad hoc stabilization of the five dimensional radius is
assumed. The matter densities are assumed to be small compared to the potential for ¢ on the branes; in
this approximation we find solutions in the bulk which are exact in y and ¢. Depending on the coupling of
the matter to ¢ and its equation of state, various solutions for the metric on the branes and in the 5-d bulk
are obtained: solutions corresponding to a “rolling radius”, and solutions with a static 5-d radius, which

reproduce the standard cosmological evolution.

1 Introduction

Motivated, to a large extent, by the Horava—Witten sce-
nario of the strongly coupled heterotic string [1], the cos-
mology of a five dimensional universe bounded by 3-branes
has recently been the subject of many investigations. If one
estimates the parameters in the Hotava—Witten scenario
using, as input, the phenomenological values of Newton’s
constant, Mgyt and agur [2,3], one finds that there ex-
ists a regime below Mgyt (the inverse size of a Calabi—
Yau manifold, on which six dimensions are compactified)
in which a five dimensional description of our universe is
appropriate.

As in [2-7] we consider the compactification on a
Calabi—Yau manifold preserving N = 1 supersymmetry.
The topology of the five dimensional universe is the one of
a S'/Z, orbifold: There are two distinct 3-branes, and the
fields in the bulk between the branes are either symmet-
ric or anti-symmetric with respect to Zs, i.e. reflections at
the branes. The field content in the five dimensional bulk
is the one of N = 1 (gauged) supergravity, plus “mat-
ter” originating from a 3-form in 11 dimensions, and from
internal degrees of freedom of the metric (moduli) [4-7].
The number and the interactions of the moduli hypermul-
tiplets depend on the choice of the Calabi—Yau manifold.
On the branes we have, in addition, matter originating
from Eg Yang-Mills theories in 10 dimensions.

Solutions to the equations of motion in the five di-
mensional bulk have been obtained in [4-12]. Due to the
presence of potentials for the moduli on the branes (with
opposite signs) one finds that the moduli configurations
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vary with y, the fifth coordinate, leading to a y-dependent
energy-momentum tensor in the bulk.

Independently from the Horava—Witten theory, scenar-
ios for the cosmology of a five dimensional universe with
branes have been developed. Assuming a y-independent
cosmological constant in the bulk, and fine-tuned cosmo-
logical constants on the branes (with opposite signs), Ran-
dall and Sundrum [13] (RSI) found a static solution of the
FEinstein equations in the bulk with an exponential de-
pendence of the metric on y. They argued that this phe-
nomenon could solve the hierachy problem, provided our
four dimensional universe lives on a brane with negative
tension (negative cosmological constant). Alternatively, if
we live on a brane with positive tension surrounded by
a bulk with a y-independent cosmological constant [14,
15] (RSII), the physical distance between the branes may
go off to infinity without affecting the validity of New-
ton’s law on our brane (due to additional massless gravi-
ton Kaluza-Klein modes).

Interestingly, once one studies the cosmological evolu-
tion induced by additional matter on the branes, the con-
ventional (and successful) relation 3H? = 87Gnp between
the Hubble parameter H, Newton’s constant Gx and the
energy density p is not always obtained. Consequently the
(non-) validity of this relation, at least at temperatures
below ~ 1 MeV, serves to eliminate certain scenarios.

First, the cosmological evolution induced by matter on
the branes has been studied in the simplest case of vanish-
ing cosmological constants in the bulk and on the branes
by Binétruy, Deffayet and Langlois in [16]. The astonish-
ing result was that the conventional relation H? ~ p does
not hold, rather one obtains H ~ p (in contradiction, e.g.,
with the otherwise successful big bang nucleo-synthesis).
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Subsequently, the matter-induced cosmological evolu-
tion in the RSI scenario was investigated in [17,18] with
the “negative” result H? ~ —p (if we live on the brane
with negative tension, which is a necessary condition for
the solution of the hierarchy problem in this case).

On the other hand, the cosmological evolution induced
by matter on a brane with positive tension agrees with
the conventional evolution (at late times) [17-23] if one
assumes that the physical distance between the branes
is stabilized, and the relative values of the cosmological
constants in the bulk and on the branes are fine-tuned.

The purpose of the present paper is the study, in the
(compactified) Hofava—Witten theory, of the cosmologi-
cal evolution induced by matter on the branes. We allow
for an arbitrary equation of state, i.e., a relation p = wp
among the pressure p and the energy density p. As fields
in the bulk we consider, apart from the components of the
graviton, a scalar field ¢ which corresponds to the uni-
versal Calabi—Yau modulus. The presence of this field is
model independent and, due to the non-vanishing “inter-
nal” components of the field strength associated to the
3-form, one obtains potentials V' (¢) both in the bulk and
on the branes [4-7]. If one introduces a dimensionful pa-
rameter v with v ~ O(M& 1 /M3,), where My, is scale of
the gravitational coupling in eleven dimensions, one finds
for the potential in the bulk V(K (o) ~ O(4?), whereas
the potentials V(™) on the branes satisfy V(™ (¢) ~ O(7).

Subsequently we will assume p,p < 7/15_2 where r2
is the inverse gravitational coupling in five dimensions
with mass dimension 2 = M; . This assumption is cer-
tainly realistic with respect to “standard model” matter
on our brane, but our subsequent results will also ap-
ply to “non-standard” matter (e.g. associated with gaug-
ino condensation on the hidden brane) as long as the
above inequality is satisfied. Notably we will allow for
an arbitrary dependence of the “matter” Lagrangians on
the branes, £™ on the field ¢: £ = LM (p) (with
LM ~ O(p,p) < O(yks?)) which affects the junction
conditions of the field ¢ on the branes, see below.

The inflationary evolution in this set-up, induced by
matter potentials on the branes (corresponding to an
equation of state p = p), has previously been discussed
in [24]. The results obtained in [24] correspond either to
the case v - R5 < 1, which allows for a linearized approx-
imation of the y dependence of the fields, or to “matter”
Lagrangians £ on the branes which are ¢ independent.

Below, we will construct solutions in the bulk which
are exact in y, since we will not assume v - R5 < 1. No-
tably, we will not assume that the physical distance be-
tween the branes (or the yy-component of the metric in
the bulk) is stabilized in an ad hoc fashion (corresponding
mechanisms are discussed in [23,25-30]: One of our aims is
to see, under which general circumstances solutions with
a static size of the fifth dimension exist. In fact we will
obtain, depending on the ¢ dependence of £(™(y), both
solutions corresponding to a “rolling radius”, as well as
solutions with a static yy-component of the metric. Not
astonishingly, only the latter case allows for a conventional
cosmological evolution on a brane.
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In the next section we will present the general set-up of
our approach: the action in the bulk and on the branes, the
Einstein equations and the equation of motion for ¢, the
junction conditions on the branes, and the exact (static)
solution of [4]. In Sect.3 we introduce our ansatz for the
time-dependent fields in the bulk, which is motivated by
the search for a conventional cosmological evolution on the
branes: we will assume that the non-trivial time depen-
dence is induced by the presence of matter on the branes.
A self-consistent ansatz is seen to be 9; ~ O((pyx2)'/?),
where 0; denotes the time derivative of any field in the
bulk or on the branes. (Given the existence of time de-
pendent solutions with 9, ~ O(v) [9,10], this ansatz is
certainly not the most general one. It represents, on the
other hand, the “minimal” time dependence which is in-
duced by the presence of matter on the branes.) Then the
Einstein equations and the equation of motion of ¢ can be
solved exactly in y and ¢, but neglecting terms of relative
order prZy~t. In Sect. 4 we discuss the physical properties
of our solutions and draw our conclusions.

2 Equations of motion
and junction conditions

Our starting point is a five dimensional action in the bulk
which depends, apart from the gravitational sector, on a
scalar field ¢ which is related to the universal modulus
of the internal Calabi-Yau manifold [4-7]. In the nota-
tion of [4], our field ¢ is related to the field V in [4] by
V = exp(2¢p). Likewise, our parameter v appearing in the
potentials of ¢ in the bulk and on the branes is related to
the parameter a in [4] through v = (21/2)a. In any case 7
is of O(M&p/M3,). The exact value of y depends on the
shape of the Calabi-Yau manifold [2,4]. The bulk action
then reads

2
Ghulk — —i? / V—g5 d°z {1R + 00t + fye_w} .
K 2 12
(2.1)
Subsequently we denote the fifth dimension (across the
bulk) by y and assume that all fields depend on ¢ and y,
but not on the three spatial coordinates x;. A convenient
(diagonal) ansatz for the metric is then

ds® = —e?dt* 4 2*(d7)? + e*Pdy?. (2.2)

Denoting time derivatives by points, and derivatives with
respect to y by primes, the Einstein equations in the bulk
become

= %ng,
(2.3a)

_ e (20[ + 3&2 — 2av + ﬁ(2a — V) + 6 + 52)
— (20" + 1))
(2.3b)

e (C.kz—I-dﬁ.) +e—2ﬁ (a//+2a/2_a/5/)

+ e—2ﬁ (2a//+y// +3O/2 +y/2 —|—20/l/l

2
= HSTs,

2
. g "
a' —d& —ad +a'B = 2Ty,

3 (2.3¢)



U. Ellwanger: Cosmological evolution in compactified Hofava—Witten theory induced by matter on the branes

K3

— e (d+24% —ar) +e P (a?+aV) = 3

TS,
(2.3d)

Here Ts denotes the diagonal element of the spatial com-
ponents of the energy-momentum tensor,
T = Ts6). (2.4)

Given the action (2.1), and recalling that ¢ depends
only on ¢ and y, the non-vanishing components of the

energy-momentum tensor in the bulk (away from the
branes) are

2

KETY = —e7 2% — e 2Pyp/? — Z—Qe_w, (2.5a)
2

KETs = e 2% —e 2P — ,1}/*28_490, (2.5b)
2

RETY = e 2% 4 e 2Pp? — 1—254“", (2.5¢)

K2Tos = 294’

Finally we have to consider the equation of motion of the
field ¢, which takes the form (away from the branes)

e (¢> (3 — i+ 6))

2
-
A

+ e (P P B+ = ) =

. (2.6)
Now we consider the actions on the branes, which are
situated at (™) = 0, mR5. We parameterize them as

s = [Vt {£ae) -V} @)

Here /:,(Qtter(@ depends, of course, on many addi-
tional matter fields ¢;. Below, however, only the possible
dependence on the bulk field ¢ will play a role. Depending
on the precise form of E&gtter, and on the configurations
of the fields ¢;, this part of the brane actions will con-
tribute to the energy-momentum tensors on the branes in
the form of energy densities p(™ and pressures p(™; see
below.

The potentials V(™) () on the two branes are known

to be of the form [4,5]

VO () = 5L o720, (2.8)
ks
Here the minus sign applies to the brane at y = 0, and
the plus sign to the brane at y = mR5. Since we assume

gl

Loier ~ ™~ p™ <
ks

matter

(2.9)
the brane at y = 0 is thus the brane with negative tension,
if v is positive. We can easily interchange the role of the

two branes (negative versus positive tension) by changing
the sign of ~.
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As is well known, the presence of branes leads to ad-
ditional singular terms (proportional to J-functions in y)
on the right-hand sides of the Einstein equations (2.3a),
(2.3b), and the equation of motion (2.6), which have to be
matched by singularities in the second derivatives in 4 on
the left-hand side. Since all fields under consideration are
symmetric under the orbifold symmetry Zs, the jumps in
the first derivatives in y fix the first derivatives completely
at y(™ = 0,7R5. On the right-hand side of each brane
these junction conditions on the first derivatives read

2

o/ = %eﬁTg(")’ (2.10a)
2

i) _ % of <3TS(") _ QT(?(")) , (2.10b)

2,6
P =L (V) — L0n(9)), (2100)

4 dp
with
T — _ym) () — pm), (2.11a)
1" = =V (p) + p™ (2.11D)

and V(™ () as in (2.8) As discussed above, p(™ and p(")
originate from the matter Lagrangian on the branes, which
we will not specify any further at this stage.

Static solutions to the Einstein equations (2.3a)—(2.3d),
the scalar equation of motion (2.6) and the junction con-
ditions (2.10a)-(2.10c) — in the absence of matter on the
branes — have been given in [4]. We will denote these so-

lutions a, v, B and @, which read

a(y) =v(y) = =-InH + A, (2.12a)
B(y) =2InH + B, (2.12b)
Ply) = glnH-i- 5B (2.12¢)
H=%M+Q
for —7R; <y<mnRs,
H (y+27R5) = H(y). (2.12d)

A, B and C are arbitrary constants; in terms of a su-
pergravity Lagrangian in four dimensions B and C' corre-
spond to linear combinations of the arbitrary VEVs of the
standard fields Re(S) and Re(T') [24].

Time dependent solutions have been obtained in [9,10],
but in the next sections we seek cosmological solutions,
where the time dependence is induced by the presence of
matter on the branes. Hence the static solutions (2.12a)—
(2.12d) will serve as a starting point.

3 Cosmological evolution induced
by matter on the branes

In this section we will construct solutions for «, v, 3
and ¢ in the presence of matter on the branes. Mat-
ter on the branes contributes to the junction conditions
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(2.10a)—(2.10c) which affects, by continuity in y, the so-
lutions across the bulk for all y. We will assume that the
“amount” of matter is small compared to the fundamental
scales Myy, Mgur (which are quite close to each other)
and Ms, i.e.

p(") ~ p(n) ~ L:E;Qtter < 7“15_2~ (31)

On the other hand we will need no assumption on vRs,
since we will obtain solutions exact in y.

First we recall that, in the case of an “empty” bulk,
the Hubble constant H was shown to satisfy H ~ p [16],
i.e. time derivatives 0, are of the order d; ~ O(p). A corre-
sponding result was also obtained in [24] in the case where
p represents a p-independent potential and pRskZ > 1.
Conventional cosmology, on the other hand, corresponds
to H? ~ p, i.e. 9; ~ O(p'/?). This latter behavior can be
obtained in the case of additional cosmological constants
in the bulk and on the branes [17-23], and we will also
obtain corresponding solutions in the present case.

Our ansatz for solutions in the presence of matter on
the branes will be generalizations of the static solutions
(2.12a)—(2.12d) in two respects: First, we add y and ¢
dependent contributions to «, v, 8 and ¢, which are of
O(prk2y~1), where p denotes the order of magnitude of
all terms on the left-hand side of (3.1). Second, we pro-
mote the constants A, B and C in (2.12a)—(2.12d) to time
dependent parameters assuming, however, that all time
derivatives are of the order

0~ O ((p’m?)l/2)

or smaller. (This ansatz allows, of course, for a still
“weaker” time dependence with 9; ~ O(p).) Thus we write

(3.2)

ay, ) = % InH(y,t) + ao(t) + aly, 1), (3.3a)

V(1) = 5 I H(p,0) 4 vo(t) + 7(,0), (3.3D)

Bly,t) = 2InH(y,t) + fo(t) + By, 1),  (3.3¢)

Py, 1) = S H(y, 1) + polt) + $(u.1),  (3:30)

Bo(t) = 2¢0(t), (3.3¢)

H(y,t) = 3yl + O (1), (3.31)

with

a,v,0,¢ ~ O (prgy~1) . (3.4)

Equation (3.3e) can be obtained from the dominant terms
of the Einstein equations and agrees with the static limit
(2.12a)- (2.12d) after B — 2¢q(t).

Let us first use this ansatz in the 05-component of
the Einstein equations (2.3¢). Subsequently we replace 3y
by 2¢¢ everywhere according to (3.3e), which simplifies
several expressions. Using (3.2) and (3.4), and keeping all
terms up to O(p/2), (2.3c) can be brought into the form
(Wlth (25(1) for T05)

. E 1 =/ . g ~1 ﬂ
<a0+2H>(V a') a+<2cpo+3H> <a 3
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o (B-26) + 150 =0

& (3.5)

One notes that all terms are of O(p®/?), except for
the last term on the left-hand side, which is a priori (from
(3.2)) of O(p'/?). Thus C is exceptionally at most of
O(p*/?), and will not contribute to the dominant orders
in p in the following equations.

Next we insert our ansatz into the remaining Finstein
equations (2.3a)—(2.3d) as well as (2.6). We use (2.5a)—
(2.5d) for the components of the energy-momentum ten-
sor, and expand each expression in p using (3.2) and (3.4).
The dominant terms of O(p°) cancel as they should, and
subsequently we display all terms of O(p). The subsequent
equations follow from (2.3a), (2.3b), (2.3d) and (2.6), af-
ter moving all time derivatives to the left (and with 5y =
2¢0):

. .. 1,
&f + 2600 — g@(z)

-3 2up—4 _ i _ 3
= H 7 e* W“(a”-l-GH(QSO/—ﬁ/)

2
Yy = _
+ R (B —29) ) (3.6a)
2o + 362 — 20 (do + o) + 4dopo + 200 + Bpa

— 3 e2vo—dvo [ 95/ L 5 s 295 — 3
e a’+ "+ 2H( ¢ -3

2
+ 67? (g_gw)) (3.6b)
o + 26§ — dotp + é%bg
= H3e2v0—4%0 (6;[ (3& + 7 —2¢")
+ 7 (3_295)), (3.6¢)
18H2
Bo + Po (3o — o + 2¢0)
= H3e?0—4%0 (@” + % (3¢ +v - )
Y oa
+ gz (6-29) ) : (3.6d)

These four equations fix the y dependence of @, 7, § and

5
aly,t) = a(t)H® + %F(y), (3.7a)
v(y,t) = D(t)H® + %F(y), (3.7b)
Blut) = BOH® +2P() + 2 F (), (370)
2(y,t) = B + F(y), (3.7d)
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with H as in (2.12d) and F(y) arbitrary.

The four time-dependent parameters @, 7, B and @
are constrained by the three junction conditions (2.10a)—
(2.10c¢) in terms of the matter on the branes. Plugging our
ansatz (3.3a)—(3.3f) as well as (3.7a)—(3.7d) into (2.10a)—
(2.10c), one finds again that the leading terms of O(p)
cancel, and the terms of O(p) can be brought into the
form

_9 .
10ve™a = — (H(”)) k2pMe20 L4 (3 —23), (3.8a)

-2
107e ™5 = ( H(n)) K2 (3p<n> 19 p<n>) 020
+ (B —25), (3.8b)
3 -2 8L
n)~_ _°2 (n) 2 matter  2¢q
1076 = - (H ) 2 Pmatter
+37(3 - 29), (3.8¢)

where H™) denotes H(y™) with H(y) as in (2.12d), and
e = 41 for y™ =0, ™ = —1 for y™) = 7R5. The
dependence on the function F(y) of (3.7a)—(3.7d) cancels
in the junction conditions (2.10a)—(2.10c).

Altogether we thus have six equations, three junction
conditions at the brane n = 1, and three junction condi-
tions at brane n = 2. Let us first discuss to what extent
these six equations restrict the properties of the matter
on the different branes. We recall that, e.g., in the case of
an “empty” bulk considered in [16], p() is fixed in terms
of p), and p® in terms of p(1). In the present case the
three equations which involve the properties of the matter
on brane 2 can be brought into the form

(H<1>>2 <1>+(H(2>)2 ()

(H<1>) (H<2>) @ (3.9
(H(1)>2 <5£§imer n (H( ) 6£I§;tter
=92 (H(1)>2p(1) +2 (H(2)>2p(2), (3.9D)
vKE [(H(l))2 oD 4 (H(2>)2 p(2)}
=2 (5— 2@) : (3.9¢)

At this stage we have to recall that H, defined in
(2.12d), depends on an as yet arbitrary parameter C' (with
negligible time dependence): we have HY =¢C, H® =
(v/3)7Rs+C. Hence (3.9a)—(3.9¢) do not necessarily con-
strain the matter on brane 2 in terms of the matter on
brane 1, but can rather serve to fix C.

Of particular interest is the case where the matter
fields ¢; on the branes are constant (at the minima of

their potentials), and the only role of Ematter is thus to

provide additional (possibly constant) potentials for the
modulus field ¢ on the branes. Then we can write

Lo = =V (), (3.10a)
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p™ =V (), (3.10D)
p™ = -V (p), (3.10¢)

Hence (3.9a) is satisfied identically. Equation (3.9b) serves
to fix C' in terms of the potentials on the branes and ¢.
However, in order not to contradict the previous result
C < O(p*/?), one must have either pg ~ 0, or ‘7(1)(@) =
const. V@ (y). Equation (3.9¢) fixes the combination (B,
20).

Herewith we conclude the discussion on the relation
between the matter on the different branes, and concen-
trate subsequently on the physics on brane 1 assuming
that (3.9a)—(3.9¢c) are satisfied. Note, however, that the
two branes are physically distinct in Hofava—Witten the-
ory, since the dominant potentials V(™) () on the branes
differ in their sign (cf. (2.8)). On the other hand we find
from (3.8a)—(3.8c) that we can exchange the role of the
two branesAby changing the sign of v, and redefining the
parameter (:

B—4p-B.

In order to solve (3.8a)—(3.8c) on brane 1 it is conve-
nient to define the parameters w, d as follows:

= =, (3.11)

pM = wp™, (3.12a)
5L 1’
Ig;“er = —dpW . (3.12b)

In general the parameter d will depend on ¢, unless meer

and p™), p() happen to be related as, e.g., in (3.10a)-
(3.10¢) with

V() ~ e,

With (3.12a) and (3.12b) and H") = C, the general solu-
tion of (3.8a)—(3.8¢c) on brane 1 can be written as

(3.13)

15 kE pMe?vo

N 1 ~ 2 (1) e2¢0

v= 1B+ % (=3d + 16(3w +2)), (3.14b)
35 3r2 p(NeZeo

=10 ‘;27702(& (3.14c)

with 3 arbitrary. (Eventually B can be fixed, combining
(3.14c) and (3.9¢), in terms of p(?).)

Combining (3.14a)—(3.14c) and (3.7a)—(3.7d) we have
thus obtained the general solutions for &, v, G, @ in terms
of the properties of the matter on the branes and for all
values of y.

Let us recall the ansatz (3.3a)—(3.3f) for the fields «,
v, 3 and . Since we obtained ¢ < O(p?/?), the dom-
inant contributions to these fields decompose into a sum
of y dependent and ¢ dependent terms. The cosmological
evolution on any brane is thus determined by ag(t), vo(t)
and o(t). The knowledge of the subdominant contribu-
tions @, 7, B and @ to (3.3a)(3.3f) is required in order
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to obtain the ¢ dependence of ag, vy and ¢q from (3.6a)—
(3.6d), which we exploit in the following. -

Once we plug our solutions (3.7a)—(3.7d) for &, v, 8
and @, together with (3.14a)—(3.14c), into (3.6a)—(3.6d),
we first observe that all dependence on the zlrbitrary func-
tion F(y) in (3.7a)—(3.7d) as well as on [ cancels out.
Hence the time dependence of «q, vy and ¢q can be related
to the properties of the matter on brane 1 only, which are
encoded in our parameters p!), w and d. Second, we may
choose the gauge vy(t) = 0, such that ¢ is proportional —
up to small corrections — to the cosmic time: now we have
ow(y,t) < O(p*?) (cf. (3.3b)), since C and v are at
most of O(p*/?).

Since one finds that one of (3.6a)—(3.6d), e.g. (3.6b), is
redundant, we just give our results for (3.6a), (3.6¢) and
(3.6d):

1 2 ~vk2pM)
&g + 260¢0 — 5% = —67%'2 e 20, (3.15a)
1 2,(1)
do + 245 + gcb% = Vgggg ~2¢0(3w — 1 — 3d),
(3.15b)
a e o : it
$o + o (3¢ + 2¢9) = o0z © °(Bw — 14 d).
(3.15¢)

Equations (3.15a)—(3.15¢) justify, a posteriori, our initial
ansatz (3.2) for the order of 9;, provided C?exp(2¢pg) ~
o).

Taking the time derivative of (3.15a) and using all of
(3.15a)—(3.15¢), the analog of the standard energy conser-
vation condition can be obtained:

P = =3pMag(1 4+ w) 4 dp™po. (3.16)
_ First, if we insert our solution (3.7a)—(3.7d) for &, v,
G and @, together with (3.14a)—(3.14c) and (3.16), into
(3.5), we obtain a trivial time dependence of C:

C=0. (3.17)
Second, (3.16) differs from the standard condition for
energy conservation due to the last term. This term de-

scribes the “disappearance” of energy into the fifth di-
mension, if both 6£{),../6¢ ~ d # 0 and ¢y # 0. In
fact, if Eﬁ;;tter is of the form of a potential —V ™) (¢) (as
in (3.10a)-(3.10c) we have w = —1 and, using ¢ ~ ¢,
(3.10b) and (3.12Db),

. -~ sV el ,
p(l) — &eV(l)((P) — G- atter dp(l)sOo,
op op
(3.18)

in agreement with (3.16).

For d # 0, a “standard” cosmological evolution on
any brane, which requires standard energy conservation, is
only possible for ¢ = By = 0. From (3.15¢) this situation
is feasible only for

d=1- 3w, (3.19)
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()

matter

which requires a particular dependence of £ on . If,

again, ﬁfﬁ;tter is of the form of a potential (hence w = —1),
we need d =4 or

V() = const.e*?. (3.20)

Furthermore, from (3.15a), ¢9 = 0 implies immediately

v-pM <o. (3.21)
Thus, if we want to accommodate a standard positive en-
ergy density p), we have to choose v < 0, i.e. brane 1
has to be the one with a positive tension (since now the
dominant contribution V1 (¢), from (2.8), is positive).
This result coincides with the one obtained in the case
of cosmological constants in the bulk and on the branes
[17-23].

If (3.19) is satisfied, (3.15a)—(3.15¢) allow for ¢y = 0.
Since we have & ~ &g and, from our definition (2.2) of the
metric, & corresponds to the Hubble parameter, (3.15a)
and (3.15b) are easily seen to correspond to the ordinary
Freedman equations for v < 0. (A constant term in v
allows for a constant rescaling of ¢ such that the right-
hand sides of (3.15a) and (3.15b), for ¢ = 0, can always
be brought into standard form.)

If (3.19) is not satisfied, we have necessarily ¢o # 0
and, from (3.3e), By # 0, i.e. solutions corresponding to
a “rolling radius”: the physical distance between the two
branes, given by [ e dy with y = {0,7Rs}, varies with
t.

Explicit solutions to (3.15a)—(3.15¢) can be given if
w = const. and d = const. From (3.12b) the second con-
dition is satisfied if

L) er(9) ~ pV (i, t) = pO (H)e.

Then (3.15a)—(3.15¢) are solved for

(3.22)

ag(t) = const. + rlnt,

pM) ~ const.t?5 2 (or P~ const.t(2_d)s_2> , (3.23)

©o(t) = const. + slnt,

with
B 2(w—3-d)
" T 3w —6wd—d2 — 11’
< 2Bw—1+4d) (3.24)

3w? — 6wd — d? — 11’

provided the denominators are non-zero. In the case where

Eg;mer(@) is just an additional potential in ¢, as in (3.10c)
with n = 1, we have w = —1 and thus
. 2(4+d)
C (A—-d)(2—-d)’
2 .
s = m, if d # 2,4 (325)

(The particular case d = —2, where V(™ (¢) in (3.10a)—
(3.10c) has the same functional dependence on ¢ as
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V() (p) in (2.8), has already been considered in [12].) For
d = 4 we are back in the situation where (3.19) is valid
(and where standard inflation on the branes is obtained
for w = —1), whereas for d = 2 we obtain inflationary
evolution both on the branes and across the bulk, i.e. in

B(t) ~ 2¢0(t):

a(t) = ea(t) ~ eao(t) ~ eonst. t’

po= 300, plt) = poreo, (3.26)
with p = 0, and const. ~ £/
Herewith we conclude the different solutions to (3.15a)—

(3.15¢), which will be discussed in the next section.

1/2

4 Discussion and conclusions

In the previous section we have constructed various cosmo-
logical solutions in (compactified) Horava—Witten theory
with additional matter on the branes, assuming p < wng,
cf. (3.1). Actually, whenever p varies with ¢, this assump-
tion restricts the validity of the solutions to corresponding
regimes in ¢, typically to sufficiently late time once p de-
cays in t.

Generally compactified Horava—Witten theory suffers
from the usual moduli problem, i.e. there are scalar de-
grees of freedom with vanishing potentials. In the present
framework this phenomenon corresponds to the presence
of arbitrary constants in the static solutions (2.12a)-
(2.12d) [4] (in the absence of additional matter), and to
the existence of time dependent solutions with 9; ~ O(y)
[9,10]. Since we assumed a much weaker time dependence,
cf. (3.2), our solutions require particular initial conditions
in the form of nearly static (and homogeneous) configu-
rations. However, once matter on the branes is present,
the fields cannot vary slower with ¢ than indicated by our
solutions.

One aspect of the moduli problem is the fact that
generically the physical distance between the branes, i.e.
the yy-component of the metric (parameterized by (),
varies in time. Our results show that, once matter is
present only on the branes, this phenomenon is unavoid-
able, unless the matter couples to the universal Calabi—
Yau modulus field ¢ in a particular way, cf. (3.19). Possi-
bly the five dimensional radius can be stabilized by means
of an additional potential for ¢ in the bulk [23,25-30].
Then our cosmological solutions would be relevant at
times ¢, at which potentials V(") () < vx5? on the branes
are present (e.g. due to gaugino condensation), but where
additional bulk potentials are not yet switched on.

Let us summarize our results in the case where the
additional matter Lagrangian on the branes corresponds
to potentials for ¢, i.e. where the equation of state cor-
responds to w = —1. Exact solutions have been obtained
for potentials of the form

V() (: _ p<n>) — () ol

Generically we obtain solutions with a power law be-
havior in ¢ for the scale factor a and the physical distance

(4.1)
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Rynys between the branes (cf. (3.23) and below; note that

p™ is time independent for w = —1, where (3.25) are

valid):

ay,t) = e*Wt ~ const.(y)e®® ~ ¢

Rphys(t) ~ @P0(t) — g200(8) tQS)

(4.2a)
(4.2b)

with r, s as in (3.25) (for d = 0, e.g., one has r = s = 1).
In the particular case d = 2 one obtains, from (3.26),
inflationary (i.e. exponentially increasing or decreasing)
evolutions for a, Rpnys and p™. In the other particu-
lar case d = 4 the ordinary Freedman equations hold on
the branes: Now Rphys can be time independent (since

Bo = 2¢9 = 0), and inflationary evolution happens only
“parallel” to the branes in terms of an exponential ¢ de-
pendence of a.

Once the equation of state of the matter on the branes
differs from w = —1 we can still obtain solutions with con-
stant Rpnys, if (3.19) is satisfied. In these cases the cos-
mological evolution is of the standard form. For radiation
dominated matter (w = 1/3), e.g., standard cosmological
evolution is obtained for d = 0, i.e. when the (dominant
part of the) matter action is independent of ¢. For nonrel-
ativistic matter (w = 0) standard cosmological evolution
is obtained once the matter action satifies (3.12b) with
d = 1. It remains to be seen whether these solutions con-
stitute an alternative to the (presently ad hoc) radius fix-
ation by potentials in the bulk, i.e. whether corresponding
couplings of the Calabi—Yau modulus ¢ to matter on the
branes and sufficiently well-behaved initial conditions can
be obtained.

In any case we have seen that matter-induced cosmo-
logical evolution in Hofava-Witten theory (albeit in its
simplest version with just the universal Calabi—Yau mod-
ulus in the bulk) differs considerably from simpler scenar-
ios as an empty bulk or a cosmological constant in the
bulk.
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